State (in) dependent graphs: fractional colorings and a cloud of contextuality 
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Contextuality of non-perfect orthogonality graphs is studied and shown to occur even in cases 
when the Lovasz and independence numbers are equal. It is proven that for given dimension (i) 
contextuality of a quantum state is entirely determined by its spectrum, hence pure and maximally 
mixed states represent the two extremes of contextual behavior and (ii) state-independent contextu- 
ality (S-IC) is equivalent to contextuality of the maximally mixed state. A necessary and sufficient 
condition for a graph to be S-IC is provided in terms of the fractional chromatic number X[(G) and 
is shown to be stronger than its direct analog in terms of the (standard) chromatic number x(G). 
The completion paradigm is then studied in which extra projections required to physically realize 
a complete measurement are shown to constitute a "cloud of contextuality" which may render the 
full set of projectors S-IC even if the original set of projectors was not. On that new level, the 
intriguing interplay between the Xf{G) and x(G) conditions is shown to lead to a striking property 
of the well-known Kneser graphs and subgraphs in regard to their quantum realization. 



Introduction. One of the most striking features of the 
quantum world is contextuality, the notion that outcomes 
cannot be assigned to measurements independent of the 
particular contexts in which the measurements are real- 
ized. The incompatibility of such assignments manifests 
itself in the famous Kochen-Specker paradox pQ, for ev- 
ery quantum system belonging to a Hilbert space of di- 
mension greater than two, irrespective of its actual state, 
a finite set of measurements exists whose results can- 
not be assigned in a context-independent manner. This 
phenomenon is known as state-independent contextual- 
ity, there are also state-dependent tests [5] in which only 
a subset of quantum states in a certain Hilbert space dis- 
plays contextual behavior while the results of measure- 
ments on other states can be explained by non-contextual 
assignments (or their probabilistic mixtures). 

A natural question is: when does a given set of (pro- 
jective) measurements reveal the contextuality of some 
quantum state i.e. when is a set of measurements con- 
textual? Moreover, one may also refine the question to: 
when does a set of (projective) measurements reveal the 
contextuality of all quantum states (belonging to a par- 
ticular Hilbert space of dimension d)? A lot of attention 
has been devoted to these questions [3J 0], in particular to 
the problem of finding the minimal set of measurements 
that reveals the contextuality of all states of a given di- 
mension [5HZ] • It has been shown that the originally stud- 
ied K-S sets are not the only class of state-independent 
contextual measurements [5], so that the identification of 
general conditions has gained importance, more so with 
the application of contextuality to device-independent se- 
curity 

In the study of contextual measurements, a number of 
tools and invariants of graph theory have appeared (see 
[lOj for a recent approach). In this paper, we focus on 
orthogonality graphs where each projective measurement 



is assigned a vertex of the graph and edges connect com- 
muting (orthogonal) measurements. Regarding state- 
depending contextuality, a certain condition for a graph 
to be non-contextual in terms of its Lovasz theta number 
and independence number is shown to not always hold by 
means of a counter-example. The state-dependent con- 
textuality of a proper subgraph is shown to guarantee the 
contextuality of the entire graph so that an investigation 
of the class of odd cycle graphs and their complements 
provides much information about the class of all contex- 
tual graphs. The quantitative measure of contextuality 
for any quantum state [TT] is shown to depend only on the 
spectrum of its eigenvalues so that among all states be- 
longing to a given dimension, the maximally mixed state 
is the least and the pure states are the most contextual. 
This fact is used to formulate a necessary and sufficient 
condition in terms of the fractional chromatic number for 
an orthogonality graph to reveal state-independent con- 
textuality. Additional projectors required to physically 
realize complete measurements are shown to be capable 
of forming a "cloud of contextuality" that reveals state- 
independent contextuality even when the original set of 
projectors is unable to do so. Proofs of propositions are 
collected in the Supplementary Material. 

The class of contextual graphs. We focus on orthog- 
onality graphs for a given set of projective measure- 
ments {Hfc}, commonly the projectors are of rank one 
(n^ = \vk)(vk\)- In the orthogonality graphs, every pro- 
jective measurement is denoted by exactly one vertex in 
the graph and edges connect two vertices if and only if 
the corresponding projectors are orthogonal. A classical 
(non-contextual) assignment of outcomes {0, 1} is then 
an assignment of l's to the vertices belonging to an inde- 
pendent set of the graph (a set of mutually disconnected 
vertices) and 0's otherwise. This assignment guarantees 
that in each orthonormal basis only one projector is as- 
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signed the value 1. A set of projectors is said to realize 
graph G if it strictly obeys the orthogonality constraints 
of G. Given a realization of G, it is natural to allow a 
global unitary transformation on all the projectors since 
these preserve G. We therefore investigate the contex- 
tual properties of orthogonality graphs by considering an 
optimization over all projectors that realize the particu- 
lar graph. Note that other representations of contextual 
measurements by graphs can be translated to orthogo- 
nality graphs. For instance, a reformulation of the repre- 
sentation via hypergraphs [SJ|TT] with edges consisting of 
commuting observables is to interpret the common eigen- 
states of every commuting set of observables as projectors 
realizing the orthogonality graph. 

For an orthogonality graph G with vertex set V = 
{i>i, . . .«„}, let 1(G) denote the set of all independent 
sets I^(G) of G. One may construct corresponding (in- 
cidence) vectors I^(G) G R'\ j G {1, . . . , \T(G)\} with 
components '(G) = 1 if v k G /W(G) and ^ j) (G) = 
otherwise. The convex hull of all such vectors I^(G) 
then corresponds to the classical non-contextual poly- 
tope for the graph G (also known as the stable-set poly- 
tope STAB(G)) [12]. The set of probabilities realiz- 
able in general probabilistic theories consistent with the 
no-disturbance principle [13] (in which probabilities are 
well-defined and context independent) reside in the poly- 
tope known as the clique-constrained stable set polytope 
QSTAB(G). The notion of clique-constraint refers to the 
fact that the sum of probabilities for projectors in ev- 
ery orthonormal basis must not exceed unity (a clique 
refers to a complete subgraph in which all vertices are 
connected and represents a basis). The set of quantum 
probabilities is in general not a polytope but is a subset of 
QSTAB(G). A quantum state p is represented by a vector 
x^(G) £ R" with components x[ p} '(G) = Tr[U k p\. 

Definition 1. An orthogonality graph G is said to 
be contextual for dimension d if Bp G H d such that 
£ {p} (G) £ STAB(G). A graph that is not contextual 
for any dimension is called non-contextual. G is said to 
be state-independent contextual (S-IC) for dimension d 
if Vp G H d , £tp}(G) i STAB(G). 

It is well-known that the class of perfect graphs has 
STAB(G) = QSTAB(G) [H] so that such graphs cannot 
be contextual. They are defined by the notion that the 
chromatic number of any induced subgraph is equal to 
its clique number, x(H) — u>(H) for H C G. Chromatic 
number x(G) is the number of colors needed to properly 
color the vertices of the graph with adjacent vertices be- 
ing assigned different colors and clique number w(G) is 
the size of its largest clique. By the Strong Perfect Graph 
Theorem [15], perfect graphs are precisely those that do 
not contain as induced subgraphs any odd cycle of five or 
more vertices or its complement (the complement G of G 
has the same vertex set as G, two vertices are connected 
by an edge in G iff they are not in G). It follows that all 



contextual orthogonal graphs contain induced odd cycles 
(G2fe+i with k > 2) or their complements G2fc+i 0. 

The question then arises: does the presence of C2k+i 
or C2k+i in G guarantee that G is contextual, i.e. are 
all non-perfect graphs contextual? One possible condi- 
tion [3] for an orthogonal graph to be non-contextual 
is that its Lovasz theta number 0(G) equal its indepen- 
dence number a(G). The Lovasz theta number 9(G) 
[T6] of graph G on n vertices is defined as 0(G) := 
max{n ; } || Si=i H.j||oo where the maximization is over all 
sets of projectors {IT} realizing the graph and infinity 
norm is the maximal eigenvalue. The independence num- 
ber a(G) is the size of the maximal independent set in G. 
The intuition behind this condition [TJ] is that it excludes 
the violation by any quantum state of known inequalities 
of the kind J27=i (^») — a (G9> where the braces denote 
expectation values. The fact that there exist non-perfect 
graphs for which 0(G) = a(G) would then be evidence 
that the class of perfect graphs is strictly smaller than 
the class of non-contextual graphs. 

However, it can be shown that this condition does not 
pick out the class of all non-contextual graphs according 
to the definition above, if we restrict ourselves as here 
to simple, undirected and non-weighted graphs. For in- 
stance, there are non-perfect graphs (see Supplementary 
Material) for which 0(G) = a(G) that can be shown to 
be contextual. Therefore, while a(G) < 0(G) guaran- 
tees a contextual graph, a(G) — 0(G) does not imply 
non-contextuality. One step in identifying the class of 
contextual graphs is the following observation. 

Observation 1. If in any realization of orthogonal 
graph G, some proper subgraph H of G is contextual, 
then G is contextual. 

Since the odd cycles C2k+i or their complements G2fc+i 
(with integral k > 2) are always present as induced sub- 
graphs in non-perfect graphs, one may ask if in any real- 
ization these graphs are contextual. 

Observation 2. Non-perfect graphs containing in- 
duced G5 are contextual in dimension 3. 

The question whether all non-perfect graphs can be 
contextual merits further investigation. Here, we pro- 
ceed with identifying the subclass of state-independent 
graphs. 

Measure of contextuality and spectra of states. Given 
an orthogonality graph G realizable by a set of projectors 
{Hj} with H, G H d , a quantitative measure [TT] enables 
us to study the relative contextuality of quantum states 
p G H d . Here, we show that the measure of contextu- 
ality of a quantum state only depends on its spectrum. 
As a consequence, for any G we show that the maxi- 
mally mixed state Id is the least contextual while the 
pure states display maximum contextuality. 

Allowing a maximization over all sets of projectors 
{Tlj} realizing G, for given p the distance of x^ (G) from 
STAB(G) defines a measure of contextuality M^ G \p) 
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given by 

M^\p) := maxM^Jp) (1) 
{n k } x "> 

Here, the maximization is over all sets of projectors real- 
izing G, C(G) denotes the set of maximal cliques in the 
graph G and q M u «}) (A c ) = {Tr[pU { ^}} is the proba- 
bility distribution corresponding to the clique (context) 
c. The minimization is performed over the (classical) 
joint probability distributions p(X) for all contexts in the 
graph G withp(A c ) being the corresponding marginal dis- 
tribution for context c. The relative entropy distance is 
D(q(X c )\\p(X c )) = J2i q{X c )i log jffijfc where summation 
extends over all projectors belonging to the context c and 
any (possibly different rank) projectors needed to realize 
a complete measurement (J2il(^c)i — 1)- Let n(p) de- 
note the spectrum of p, we then have the following. 

Theorem 1. M^ G >(p) is entirely determined by k(p). 
Moreover, V/9i,p2 € H d and VG, k(/Oi) -< k(/? 2 ) =£• 
Af (G) (/9i) < Af( G )(p 2 )- In particular, M( G )(i d ) < 
M^Jp] )VpeH d . 

Here k(pi) -<! «(p2) denotes that the vector of eigen- 
values of pi majorizes that of p\. Note that the viola- 
tion of non-contextual inequalities (defining the facets of 
STAB(G)) by quantum states also follows the majoriza- 
tion order, i.e., it(pi) -< k(pz) implies that the violation 
of any non-contextual inequality by p\ does not exceed 
that by pi- Knowing that the maximally mixed state is 
the least contextual among all states in the given Hilbert 
space, the identification of state-independent measure- 
ments can be reduced to the question: for given G, is 
£{14(G) ^ STAB{G)1 As we shall see, there is one 
graph-theoretic quantity (the fractional chromatic num- 
ber) that precisely identifies when this holds. 

State-independent contextual graphs. Since non-perfect 
graphs are the only contextual graphs, a preliminary con- 
sideration is whether for any k > 2, Cik+i or C^k+i are 
S-IC graphs, to this end we have. 

Proposition 1. Cik+i and C2k+i are not S-IC graphs 
\/k > 2, k G Z. 

We now proceed to formulate a necessary and suffi- 
cient condition for an orthogonal graph G realizable in 
dimension d to be state-independent contextual in that 
dimension in terms of its fractional chromatic number 
Xf(G) [EL defined below using the notion of fractional 
colorings. We show that this condition is stronger than 
an analogous condition proposed in [3] in terms of the 
chromatic number x(G). 

Definition 2. A fractional coloring of a graph G [19] is 
a non-negative real-valued function / on 1(G) such that 
for any vertex v of G, Y^ s ex(G «) /( s ) — where Z(G, v) 
denotes the set of independent sets of G that contain 
vertex v. The weight of a fractional coloring is w = 



Zjii f(I (j) ( G )) . and Xf{G) = minw. Equivalently, 
X/(G) = min § s.t. there is a coloring of G using a colors 
that assigns b colors to each vertex with adjacent vertices 
getting disjoint sets of colors. 

For any graph cj(G) < X/(G) < x(G). The first in- 
equality comes from the fact that in a clique of size u> 
assigning b colors to each vertex requires at least u(G)b 
colors; the second because x(G) is the particular restric- 
tion b = 1 to the defintion above. Theorem 2. An or- 
thogonal graph G realizable by a set of rank-r projective 
measurements {H,-} with H,- G H d is state- independent 
contextual for dimension d if and only if Xf (G) > - . 

In [4], it was shown that a set of rank-1 projective 
measurements reveals the contextuality of the maximally 
mixed state if and only if x(G) > d. While this lat- 
ter condition could hold in the "completion paradigm" 
(in next section) it is not sufficient in the standard ap- 
proach focusing on the absence of x^ d ^{G) in STAB(G). 
One counter-example is provided by the graph formed by 
the join of two copies of the orthogonality graph Gyo 
considered in [8]. The graph Gyo is a 13- vertex graph 
with x(Gyo) = 4 and £(G Y o) = 3. Here £(G) denote 
the smallest dimension d in which the graph G may be 
realized by rank-1 projectors with distinct vertices as- 
signed distinct projectors and two vertices connected by 
an edge iff the corresponding projectors are orthogonal. 
The join of two graphs is their graph union with addi- 
tional edges connecting all the vertices of one graph with 
those of the other. The join (J) of two Gyo graphs has 
X (J(Gy ,Gy )) - 8 and £( J{G YO , G YO )) = 6. More- 
over, its fractional chromatic number can be computed by 
means of a linear program to be Xf(J{GYO, Gyo)) = 6ji 
so that in dimension 7 this graph is not by itself S-IC as 

x^{J{Gyo,G Y o)) G STAB(J{Gyo,G YO )) (see Sup- 
plementary Material). Therefore, the condition x(G) > d 
is not sufficient for a graph G to reveal state-independent 
contextuality by itself. Moreover, the gap between Xf(G) 
and x(G) can be arbitrarily large [19] so that X/(G) is 
by itself a better indicator of the S-IC property of G. In 
general, X/(G) is computed as a lower bound to x(G) by 
means of the fractional relaxation to the integer linear 
program required to compute the latter quantity. This 
does not imply that Xf(G) can be computed in polyno- 
mial time, since the number of independent sets may be 
exponential in the number of vertices. Since x(G) upper 
bounds x/(G), x{G) > d is only a necessary condition 
for G to be state-independent contextual. As we shall see 
in the next section, it may constitute a sufficient condi- 
tion for a graph G c , formed from G by adding projectors 
so that each clique constitutes a complete orthonormal 
basis, to be state-independent contextual, although this 
remains to be shown. Before proceeding to the "com- 
pletion paradigm" , let us derive a bound on the set of 
dimensions in which G can by itself be an S-IC graph. 

Proposition 2. An orthogonal graph G can be state- 
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independent contextual by itself only for dimensions 
f(G) < d < 2« G )" 1 . 

Completion paradigm and a cloud of contextuality . We 
have seen that X/(G) > d is necessary and sufficient for 
f{ ld >(G) i STAB(G), therefore for graph G to be S- 
IC in dimension d. While usually considered orthogonal 
graphs do not have all cliques of the same size, we note 
that to physically realize the measurements, it is impera- 
tive that each context correspond to a complete measure- 
ment. In this paradigm, the orthogonal graph G must be 
completed by additional projectors to a new graph G c 
in which each clique (context) is of the same size (equal 
to dimension d). Note that such a completion by rank-1 
projectors is by no means unique, an optimization pro- 
cedure is needed to complete G to an S-IC G c . It may 
thus happen that G is by itself not an S-IC graph while 
some completion G c is. We refer to this as a cloud of 
contextuality around the projectors in G. 

Given the basis-completed graph G c (in which all 
cliques are of the same size ui{G c ) = d), Xf(Gc) > d is 
necessary and sufficient for G c to be S-IC. One may con- 
sider whether this condition is equivalent to x(G c ) > d, 
i.e. are there graphs G c for which uj{G c ) = x/(G c ) = d 
and x(G c ) > d? A particular candidate for this task is 
the well-known class of Kneser graphs K(nb : b) with n > 
2 and b > 2. These graphs are obtained by the following 
construction: consider an nb element set and obtain all 
b element subsets, each of these subsets corresponds to a 
single vertex of the graph and an edge connects two ver- 
tices iff they correspond to disjoint subsets. These graphs 
are basis-complete since all cliques are of the same size 
u)(K(nb : b)) = n. Moreover, \f(K(nb : b)) — n and 
x(K(nb : b)) = (n — 2)b + 2 [TH] so that the separation 
between Xf an d X can be made arbitrarily large by in- 
creasing b. Then X/(G C ) > d <^> x{G c ) > d would imply 
the following striking restriction on the quantum realiza- 
tion of these graphs, namely: Any basis-complete graph 
G c for which X/(G C ) = w(G c ) and x(G c ) > w(G c ) can- 
not be quantumly realized in dimension w(G c ). Towards 
this surprising consequence, we prove the following. 

Proposition 3. All basis-complete graphs G c for 
which x/(G c ) = u>(G c ) (— n, say) are proper subgraphs 
of the Kneser graphs K(nb : b) for some integral b. 
K{nb : b) with n > 2 and b > 2 themselves cannot be 
quantumly realized by rank-1 projectors in dimension n. 
Moreover, for b = 2, all proper basis-complete subgraphs 
of K (2n : 2) also cannot be realized in dimension n. 

While X/(G) > d =>■ x/(G c ) > d since the fractional 
chromatic number of G c cannot be smaller than that of 
its subgraph G, it is not clear if x(G) > d Xf(G c ) > d. 
One may conjecture based on Proposition 3 that the lat- 
ter implication does indeed hold. Finally, note that nei- 
ther x/(G) > d nor x(G) > d are necessary for G c to 
be S-IC. As an example, consider the graph Gyo \ {1} 
formed by deleting one vertex from the state- independent 
graph in Fig. §. G YO \ {1} has X {Gyo \ {!}) - 



Xf{Gvo \ {!}) = w(Gro \ {!}) = 3 and yet its com- 
pletion Gyoc is a 25 vertex state-independent graph in 
dimension 3. 

Conclusions. We have investigated the requirements 
for a set of projective measurements to reveal state- 
(in)dependcnt contextuality. In the state-dependent sce- 
nario, identifying a proper subgraph that is contextual 
in the realization is sufficient to guarantee contextuality 
of the graph. The condition for non-contextuality based 
on equality of 6(G) and cv(G) does not hold for general 
orthogonality graphs. 

By the rigorous measure of contextuality, the maxi- 
mally mixed state was shown to be the least and pure 
states the most contextual among all states of a given 
Hilbert space dimension. A necessary and sufficient 
condition for state-independent contextuality was for- 
mulated in terms of the fractional chromatic number 
X/(G). A similarly formulated condition in terms of x(G) 
fails to guarantee sufficiency of the S-IC property for G. 
X/(G) being in general easier to compute than x(G), the 
formulated condition enables the identification of state- 
independent contextual measurements which have been 
utilized as resources in device-independent security [5]. 
Additional projectors required to realize complete mea- 
surements may form a cloud of contextuality around a 
graph G and enable it to possess state-independent prop- 
erties. An interesting question emerges as to what con- 
ditions one may place on a graph G which by itself is not 
S-IC such that some of its optimally completed versions 
are. 
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Supplementary Material 

Here, we present proofs of the propositions formulated 
in the main text. 

/. Conditions for non-contextuality. To recognize 
whether perfect graphs are the only non-contextual 
graphs, necessary and sufficient conditions for non- 
contextuality need to be formulated. One possible con- 
dition is that 0(G) = a(G) which rules out the violation 
of facet-defining inequalities of the kind J^i — &(G). 
However, for simple non- weighted orthogonality graphs 
the example shown in Fig. ([!]) shows that this condi- 
tion is not sufficient to ensure non-contextuality. For this 
graph, 9(G) — a(G) = 3, yet the set of projectors and 
state displayed in the figure lead to a maximum viola- 
tion of one of the facet defining inequalities of G upto its 
maximum value of v5 showing that G is indeed (state- 
dependent) contextual. Furthermore, a numerical check 
via a semi-definite program reveals that the 25 vertex 
graph Gyoc obtained by the unique completion of Gyo 
(Fig. (|]0 considered in [8] has 6(G Y o c ) = a{G Y o c ) = 13 
showing that the condition is not sufficient in the com- 
pletion paradigm explained in the text as well. 

Observation 1. If in any realization of orthogonal 
graph G, some proper subgraph H of G is contextual, 
then G is contextual. 

Proof. Assume that for some proper subgraph H of 
an orthogonal graph G, there exists state p such that 
x^(H) <£ STAB(H). Then x^ (G) £ STAB(G) im- 
plies that there exists a convex decomposition with prob- 
ability distribution {pj} of the form 

\I(G)\ 

x^(G)= J2 V 3 V- 



Assigning weights pj to all independent sets P(H) C 
I-*(G) with the independent set taken to be the null set 



for those P(G) that do not contain any vertices of H, 
one obtains the non-contextual convex decomposition for 
^{p} (jj ) which is a contradiction. Therefore, for any 
proper subgraph H of an orthogonal graph G, if there 
exists a state p such that x {p} (H) <£ STAB(H), then 
x^(G) i STAB(G). □ 

Observation 2. Non-perfect graphs G containing in- 
duced C5 are contextual in dimension 3. 

Proof. In dimension 3, the most general class 
of projectors n.j = realizing C5 can be 

parametrized as [T7] (in cyclic order): \v\) = {1,0, 0} T , 



"2 



= {0,1, oy 



V3 



{cos0i,O,sin0ie^ 1 } T , |« 4 ) = 



Afie-^ 1 sin 6»i cos 2 , e"^ 2 sin 2 cos 0i, - cos 0i cos 2 } T , 
K'5) = {0, cos 2 , sin0 2 e^ 2 } T . A numerical search then 
reveals that no combination of {0 1; 2 , <pi, 2 } exists for 



which || J2i=i 



< 2 if we require that the five 



projectors be distinct. In fact, as shown in |17j the 
number of parameters can be reduced to one using the 
fact that 0i = 2 (= 0, say) and <pi = 2 = gives rise to 
the same spectrum for 2<=i l u i)( w i|- The infinity norm 
of this matrix is then given by 



3 + sin 2 1 /sin 6 0-5sm 4 + 3sin 2 + l 
2 + 2~V 1 + sin 2 ' 



The above expression only decreases to 2 for sin0 = 
{0, 1} in which case the projectors are no longer dis- 
tinct. The fact that the only facet-defining inequal- 
ity of STAB(C$) that is not also facet-defining for 
QSTAB(C 5 ) is given by £<=i <l«i)<««l> < a(C 5 ) = 2 
then proves that when C5 is realized in dimension 3, ir- 
respective of the particular set of projectors used, there 
always exists a quantum state whose corresponding vec- 
tor of expectation values lies outside the non-contextual 
polytope STAB(C 5 ). Therefore by Observation 1, G 
containing induced C5 is contextual for dimension 3. □ 

Theorem 1. M^ G \p) is entirely determined by 
the spectrum n(p). Moreover, Vpi,p 2 G rl d and VG, 
n(pi) -< n(p 2 ) implies M^ G \pi) < M ( - G \p 2 ). In partic- 
ular, M^(t d ) < M {G \p) Vp € U d . 

Proof. The fact that the measure of contextuality 
M^ G '(p) is determined by n(p) is a consequence of the 
maximization procedure in Eq. |2| . Two states 771 , rj2 
sharing the same spectrum ^(77) are unitarily equivalent, 
T]i = U r/2U^ for some unitary U. Therefore, given a set of 
projectors {IIfc}(?7i) that result from the maximization in 
the computation of the measure for 771 , one may construct 
a corresponding set of projectors {WllkU} that gives the 
same value of the measure for r\2 (and vice versa). The 
sole dependence of M^ G ^(p) on the spectrum n(p) follows. 

Given pi,p 2 G rl d , if their vector of eigenvalues obey 
the majorization relation k(pi) -< k(/0 2 ), it then follows 



G 




[20] that there exist d-dimensional permutation matrices 
Pj and a probability distribution {pj} such that 



FIG. 1: An example graph for which 9(G) = a(G) = 3 
which is nevertheless a state-dependent contextual 
graph. For instance, consider the projectors correspond- 
ing to \vi) = {0, 1,0, 0} T , \v 2 ) = {O,O,cos#,sin0} T , 
\v-i) — A/"{0, cos#sin#, cos#sin#, — cos 2 6} T , \v 4 ) = 
{O,cos6»,O,sin0} T , \v 5 ) = {0,0 1,0} T , \v 6 ) 

{cos0,sin0,O,O} T with sin6> = y / (l/2)(V5 - 1) and 
4> = 7r/4 which lead to a faithful realization of the graph. 



Then the state \tj}) = {0, 



= } with these 



projectors gives a violation of the facet of STAB(G) defined 
by the inequality ^ i=1 (\ v i){ v i\) < 2 upto its maximum value 
of y/5. 



Given an orthogonal graph G, let us denote the set of cor- 
responding projectors resulting from the maximization in 
the measure M^ G \pi) by {U.k}{px) as above. With p 2 
written in diagonal form, let p J 2 = Pjp 2 Pj denote the 
diagonal matrices obtained from the permutation of the 
eigenbasis of p 2 . For each p^, let the joint probability 
distribution resulting from the minimization in Eq.Q 
with the chosen set of projectors {il^Kpi) be denoted 
by p p 2(A). We then have, 



3 cGC(G) 1 ^ '< j 

-.eC(G) lL[U)l V i 3 ) 

£ ir^i f^(9 (pi ' {nfc}(pi))l (A c )|lE^( A C )) I 

ceC(G) lL[U)l \ 3 J 

> M (G) (pi). 



> 



> 
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In the above, the first inequality is a result of the fact that 
{ITfeKpi) may not yield the maximum in the computation 
of the measure for p2 , the second inequality is a result of 
the convexity property of the relative entropy, the third 
follows from linearity, and the fourth by the definition 
of the measure for state p\. The monotonicity of the 
measure of contextuality with majorization order thus 
follows. Since the spectrum of the maximally mixed state 
Id is majorized by that of every other state p € W 1 , it 
follows that td is the least contextual among all states 
belonging to a given Hilbert space and analogously, pure 
states are the most contextual. □ 



Proposition 1. C 2 k+i an d C 2 k+i do not represent 
state-independent contextual measurements for any in- 
tegral k. 

Proof. That (C 2fe+ i) € STAB{C 2k+1 ) can be easily 
seen by noting that x(C 2 k+i) — 3 for all integral k. The 
three colour classes in a proper coloring of C 2 k+i thus 
form a partition of the vertex set of C 2 k+i into 3 inde- 
pendent sets Ii,I 2 and I3. For any dimension d > 3 in 
which the graphs are realized by rank-1 projectors there- 
fore, the vector x^ d ^ (C 2 k+i) (which is a uniform vector 
(C 2 fe+i) = 3 for all 1 < j < 2k + 1) can be 



with x { } d} 
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decomposed as a convex combination with weights X/d 
of the incidence vectors for the three independent sets 
T^{C 2k+1 ),I^(C 2k+1 ),I^{C 2k+1 ) and weight (1-3/d) 
for the incidence vector /^(C^fc+i) with O's for all 2k + 1 
vertices, i.e., 

x {1 *Hc 2k+1 ) = \ (i* 1 ) + p> + jw) + (i - 5 )7 w 

For the complements of odd cycles, x(G 2k +i) = k + 1 
while uj(C 2k +\) — k. However, these graphs cannot be re- 
alized by distinct rank-1 projectors in dimension k which 
can be seen as follows. Label the vertices of C 2k +i from 
1 to 2k + 1 in cyclic order. In the complementary graph 
C 2k +\, the vertex set {1,3, ... ,2k — 3, 2k — 1} forms a 
clique of size k as does the vertex set {1, 3, . . . , 2k — 3, 2k}. 
In order for this graph to be realized in dimension k there- 
fore, vertices labeled 2k — 1 and 2k must be assigned the 
same projector orthogonal to the k— 1 dimensional space 
spanned by the rest of the vertices {1, ... ,2k — 3}. This 
contradicts the requirement that distinct vertices be as- 
signed distinct projectors, therefore the minimal dimen- 
sion in which C 2k+ i can be realized is at least k+1. From 
the previous construction, aK d } (C 2k +i) admits a convex 
decomposition into non-contextual assignments (which 
are incidence vectors of independent sets in a proper col- 
oring) for any d > k + 1 and therefore, these graphs 
cannot be state-independent for any k as well. □ 

Theorem 2. An orthogonal graph G realizable by 
a set of rank-r projective measurements {H,} with IT,- £ 
7i d is state- independent contextual for dimension d if and 
onlyif X/ (G) > f 

Proof. For given set of rank-r projective measurements 
{Tlj} in d-dimensional space, let us construct the or- 
thogonality graph G with a total of | { 11^- } | = n vertices. 
The vector of expectation values for the maximally mixed 
state x^ d }(G) is then the uniform vector with compo- 
nents x\ d ^ (G) = K for 1 < k < n. The fractional chro- 
matic number is by definition x/(G) = min | where out 
of a total of 'a' colors, 'b' colors are assigned to each ver- 
tex such that vertices connected by an edge receive dis- 
joint sets of colors. Let {o*(G), b*(G)} denote the values 
of a and b that achieve the minimum in this definition. 
For each of the colors 1 < c < a*(G), let P- C '(G) denote 
the incidence vector of the independent set of vertices 
colored with color c and I^°'(G) denote the vector with 
all components 0. We may consider three cases. 

(i) Xf(G) = ! £ = i- 

In this case, the fractional colorings themselves yield 
the convex decomposition 

^}(G) = ^i/»(G). 

c=l 



Since each vertex in the decomposition appears in a total 
of b* independent sets, the uniform vector representing 
the maximally mixed state is exactly reproduced, 
(ii) X f(G) = 

Let a' — > a*. Then one may construct the fol- 
lowing decomposition into non-contextual assignments 

x {ld} (G) = J2 V lc) ( G ) + c 1 - J) /10) ( G ) 

c— 1 

with the final vector appearing to ensure the probabil- 
ities sum to unity. Therefore, once again we have that 
ft ld >(G) € STAB(G). 
(hi) X f(G) > f 

To prove that in this case, we definitely have 
f {1 4(G) ^ STAB(G), we may use the formulation 
of X/(G) in terms of a linear program. Let us assign 
weights Wj to each independent set I^(G) € Z(G). 
Then Xf(G) = min{J2f^ )l w, : J2f=? 1 w 3 T^(G) > 1} 
where 1 denotes the uniform vector of l's on each vertex. 
The following Lemma [H] then enables us to change the 
inequality in the definition to equality. 

Lemma: If a graph G has a fractional coloring with to- 
tal weight w = J2f=i )l W] such that Y,f=? ] w 3 T^{G) > 
1}, then one may construct a fractional coloring with 
weight w' < w such that Y,f=? { w'^{G) = 1}. 

Assume f{ ld >(G) £ STAB(G), and let the follow- 
ing be a convex decomposition for d ^(G) into non- 
contextual assignments. 

i(G) 

ff^(G)=^ Pj ^(G). 
i=i 

Then Y,f=i P -^I U) = 1 so that Xf (G) < ^ = f 

which is a contradiction. Therefore, Xf(G) > f is a nec- 
essary and sufficient condition for x^^{G) £ STAB(G) 
(in other words, for G to be state-independent contex- 
tual). □ 

77. An explicit decomposition of x^^ 7 ^ {J {Gyo i Gyo))- 
Consider two copies of the state-independent graph Gyo 
considered in [5] and reproduced in Fig. The join 

of the two copies is defined as the graph J(Gyo,Gyo) 
obtained by the union of the two graphs with additional 
edges connecting every vertex of the first copy with every 
vertex of the second. 

Let us label the vertices {1, . . . , 13} in one copy as in 
Fig. |2]) and {1', . . . , 13'} in the second copy. For nota- 
tional convenience, let us use /({«;}) to denote the inci- 
dence vector of the independent set {vi}. J(Gyo,Gyo) 
has uj(J{Gyo,G Y o)) = 6 and x(J{Gyo, G Y o)) = 8 so 
one may expect it to state-independent contextual (by 
itself without completion) for dimension 7. However, 
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FIG. 2: The 13 vertex graph Gyo- The join of two copies 
of this graph provides a counter-example to x(C) > d be- 
ing a sufficient condition for a graph to be state-independent 
contextual by itself. 



f {l 7 } 



(J(G YO ,G YO )) = — [5/({l, 5, 6, 10}) + 47*({1, 5, 9, 12}) + 7*({1, 6, 8, 11}) + 7({1, 10, 11, 12, 13}) + 2/({2, 4, 6, 11}) 
+ 2/({2, 4, 9, 12}) + 37*({2, 6, 7, 10}) + 37*({2, 7, 9, 13}) + 7*({2, 10, 11, 12, 13}) + 57({3, 4, 8, 11}) 
+ 5/({3, 7, 8, 13}) + 7({3, 10, 11, 12, 13}) + 27({4, 5, 9, 12})] + ± ( Vi t/J + ±P 



Here, (vi -H- v[) denotes the same combination of inde- 
pendent sets considered on the second copy of Gyo an d 
7^ denotes the vector with all vertices assigned value 0. 
From the above, note that Xf(J(Gyo,Gyoj) — 6jj. 
Note that this does not rule out the possibility that a 
completed version of J (Gyo, Gyo) in dimension 7 is a 
state-independent graph. 

Proposition 2. An orthogonal graph G can be state- 
independent contextual by itself only for dimensions 
£(G) < d< 2«°)- 1 . 

Proof. By definition, £(G) = d denotes the smallest di- 
mension in which the orthogonal graph G on n vertices 
is realized by rank-1 projectors with distinct projectors 
assigned to distinct vertices and two vertices connected 
by an edge if and only if the corresponding projectors are 
orthogonal. The proof proceeds by showing that for all 
G, x(G) < 2^ G '>- 1 so that the result follows from the 
necessity (not sufficiency) of x(G) > d for G to be state- 
independent contextual. Let {life = |i>fc)(i>fc|} C H d de- 
note a particular realization of G with the components of 
the column vector \vk) being in general given by \vk)^ = 



for 1 < j < (d — 1) and \vk 



,(<*) 



,(<*)! 



Firstly 



to ensure that Vfc, the component \vk)^ ^ 0. Let us 
describe each of the components |v/ c ) (j " ) by the quadrant 
in which 9u nes: each \vk)^ is then represented by a 4- 



dimensional dit taking value (1 < t 



< 4) according 



T)f < 



0) < t[ j h- Each \v k ) then 



note that by a suitable rotation of {Ilk}, it is possible 



to the quadrant {t^jp — . 

belongs to one of the 4 d_1 quadrant classes created by the 
value of the corresponding vector tk — {t^K ■ ■ ■ ,t k d ^} T . 
Since no two \t>k) belonging to the same quadrant class 
can be orthogonal, this results in a partition of the ver- 
tex set into 4 d ~ 1 independent sets each of which can be 
assigned its own color in a proper coloring. Finally, not- 
ing that no two \vk) with all entries restricted to the first 
and fourth quadrants, i.e., all t)jp € {1,4} (or equiva- 
lently to the second and third) can be orthogonal, one 
may partition the vertex set into a total of 2 d_1 indepen- 
dent sets. Within each independent set, all vertices may 
be assigned the same color so that a proper coloring of G 
requires at most 2^ G )~ 1 colors. By the construction of 
the non-contextual decomposition of d ^(G) with the 
incidence vectors of the independent sets in a proper col- 
oring (together with the vector of all zeros 7^°) (£?)), we 
see that G cannot be an S-IC graph for d > 2^ G )~ 1 □ 

Proposition 3. All basis-complete graphs G c for 
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which \f(G c ) — lo(G c ) (= n, say) are proper subgraphs 
of the Kneser graphs K(nb : b) for some integral b. 
K(nb : b) with n > 2 and b > 2 themselves cannot be 
quantumly realized by rank-1 projectors in dimension n. 
Moreover for 6 = 2, all proper basis-complete subgraphs 
of K(2n : 2) also cannot be realized in dimension n. 

Proof. Firstly, notice that a basis-complete graph G c that 
has Xf{G c ) = § = w(G c ) must have a fractional coloring 
with all a colors used in each clique and b colors assigned 
to each vertex of the clique. For lo(G c ) = n therefore, 
they are precisely the subgraphs of K(nb : b) by definition 
since the Kneser graphs contain all possible b clement 
subsets of the a = nb element set. 

In dimension n = 2, no graph apart from a single edge 
is quantumly realizable by rank-1 projectors. Assume 
that a Kneser graph K(nb : b) with n > 3 for some b > 2 
is realizable in dimension n by distinct rank-1 projec- 
tors. Each vertex is assigned b colors out of the vertex 
set {1, . . . , nb} and all b element sets are considered, so 
we may without loss of generality assign projectors to b 
element color sets. Moreover, we may assign to the color 
set Sk = {l + (fc— 1)6, . . . , kb} for 1 < k < n the projector 
life onto dimension k, so that the set {Sk} is represented 
by the standard computational basis in dimension n. Let 
us now partition one of the color sets, S\ say, into two 

non-empty subsets s{ 2 ^ and s[ 3 ^ of size b\ and 62 respec- 

(2) (3) 
tively, \S\ '\ = h and \S{°'\ = b 2 . A new 6-elemcnt set 

Si 2 can be formed by adding 6 — 61 colors from S2 to 

S^ and similarly Si t 3 can be formed by adding b — b 2 

colors from £3 to s[ 3 K These new sets 5i. 2 and 5i. 3 must 

also by definition be represented by vertices in K(nb : b). 



Now, by orthogonality, the projector IIi^ assigned to 
Si, 2 belongs to the subspace formed by the span of III 
and n 2 and similarly the projector ili i3 € span{ni,n 3 }. 
However, by construction Hi 2 and n 13 are orthogonal 
so that either IIi^ = n 2 or IIi,3 = II3 which provides 
a contradiction to the requirement of distinct projectors 
for distinct vertices. 

Finally, let us show that basis-complete subgraphs G c 
of K(2n : 2) also cannot be realized in dimension n. 
Assume that a subgraph G c exists that can be realized 
in dimension n. The following statements can be made 
without loss of generality. As before, consider the clique 
Ci = {v k } in G c with color set {S k } (S k = {2k - 1, 2k}) 
for 1 < k < n and assign the computational basis projec- 
tors life onto dimension k to its vertices. Note that every 
clique must contain all the colors {1, . . . , 2n}. Now, con- 
sider a second clique C 2 containing two vertices v' 2 and 
v' 3 not belonging to C\. Without loss of generality, let 
the colors assigned to v' 2 be {1, 3} and the color 2 be as- 
signed to v' 3 . If the color set of v' 3 is S' 3 = {2, 4}, then the 
corresponding projectors H 2 _L W 3 that belong to span of 
III and II 2 may be realized. However, if every such pair 
of vertices has similar assignments, then x(G c ) = uj(G c ). 
Therefore, there must exist vertex v' 3 £ C 2 which is as- 
signed color set S' 3 — {2, c} with c <^ {1, 2, 4}, c = 5 say. 
Then, the corresponding projectors H 2 € span{Hi,n 2 } 
and W 3 e span {Hi,n 3 } which results either H 2 = U 2 or 
Tig = n 3 . Again, the requirement of distinct projectors 
in H n being assigned to distinct vertices of K(2n : 2) 
cannot be met for all n. □ 



